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Electrical quantum conductors coupled to microwave resonators have in the last decade emerged
as a versatile testbed for controllable light-matter interaction on the nanometer scale. Recent
experimental progress with high impedance resonators has resulted in conductor-resonator systems
with a large, dimensionless coupling parameter λ & 0.1, well beyond the small coupling regime
λ 1. Motivated by this progress, we here analyse theoretically the joint statistics of transported
electrons and emitted photons in a single level quantum dot coupled to a microwave resonator,
for arbitrarily large λ. Describing the electron-photon dynamics via a number-resolved master
equation, we evaluate the joint long-time probability distribution as well as joint short-time, g(2)(t),
correlation functions. Considering the high-bias regime, with sequential electron tunneling and
working in the damping basis, allows us to obtain analytical results for both transport cumulants
and g(2)(t) functions. It is found that the photons emitted out of the resonator are bunched and
display a super-Poissonian statistics, for all system parameters. However, the electron transport
properties are found to be unaffected by the coupling to the resonator, anti-bunched and with sub-
Poissonian statistics. From the joint distribution we identify regimes of electron tunneling induced
photon cascades and very large g(2)(t) functions. All g(2)(t)-functions are found to be independent
of λ. We also identify conditions for and transport signatures of a thermal resonator photon state.
I. INTRODUCTION
Electrons transported through nanoscale conductors,
interacting with photons in high-quality microwave res-
onators, constitute a promising solid state arena for in-
vestigations of light-matter interactions in the deep quan-
tum regime. Following early quantum dot-resonator
experiments1–3, the field has progressed rapidly for al-
most a decade4,5. Key topics have been e.g., the very re-
cently achieved strong coupling between microwave pho-
tons and electron qubits in the charge6–8 and spin9–11
degree of freedom, transport induced photon population
inversion and lasing (or masing)12–17, non-classical emit-
ted photon state generation18–25 and resonator mediated
coupling of spatially separated conductors26–33. There is
also a wide variety of theoretical proposals to use hybrid
conductor-resonator systems for e.g., splitting Cooper
pairs34,35, detecting Majorana fermions36–38, and imple-
menting heat engines and refrigerators39–41. A majority
of the experiments have been carried out with quantum
dots in various material systems1–3,6–11,13,14,16,31–33,42–52.
There are also, including earlier works53,54, a number
of experiments with normal and superconducting tunnel
junctions19,20,23–25,55–57 and an atomic58 point contact.
One important recent development is the application
of resonators with large and often tunable characteristic
impedance Zc, in the kΩ-range, giving rise to a dimen-
sionless electron-photon coupling λ ∼ √Zc/RQ & 0.1,
where RQ = 25.8 kΩ is the quantum resistance. This
was used to investigate quantum Fluctuation-Dissipation
relations57, electronic shot noise suppression56 and,
very recently, emitted photon anti-bunching25 in tunnel
junction-resonator systems. Moreover, large impedance
resonators59 were recently used to reach a strong elec-
tronic qubit-resonator coupling7,9,11,33. Albeit being ex-
perimentally challenging, there is no fundamental limita-
tion to reach even larger couplings, λ ∼ 1. As discussed
theoretically for a metallic dot60, a tunnel junction61,
a tunnel-coupled two62 or multi-level63 system and (for
moderate coupling strengths) quantum point contact64
conductors, such large couplings would allow for e.g.
electron transport induced, strongly hybridized electron-
photon states, i.e., microwave polarons, highly non-
equilibrium resonator states, multi-photon creation and
destruction, intra photon-mode transitions and ground
state electroluminescence. Comparing to e.g., molecu-
lar electronic systems, where transport electrons cou-
ple strongly to localized phonon modes, conductor-
resonator systems thus provide on-chip access to con-
trollable Frank-Condon systems, where the resonator fre-
quency and/or electron tunneling rates, can be tuned in
a versatile way.
Existing experimental techniques allow for an inves-
tigation of not only the statistics of electronic trans-
port but also the quantum optics65 properties of the mi-
crowave photons emitted from the resonator, such as the
long-time average and fluctuations of the photon flow as
well as short-time correlation, or g(2), functions. Re-
cent experimental progress towards fast and efficient sin-
gle microwave photon detection66–70 also opens up for
itinerant microwave photon counting statistics. Various
properties of photon emission from hybrid conductor-
resonator systems have been investigated both experi-
mentally and theoretically, for a number of conductors
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2such as superconducting55,71–73 and normal19,20,23,61,74
tunnel junctions, single75,76 and double77 quantum dots
and quantum point contacts22,78–81 (see also early works
in 82 and 83).
Taken together, the development towards large
electron-photon couplings and fast and efficient detec-
tion of both transported electrons and emitted photons,
provides a broad scope for investigations of new regimes
and novel properties of nano-scale light-matter interac-
tions. In this work we investigate the joint electron-
photon transport statistics for a single quantum dot cou-
pled to a microwave resonator with arbitrarily large cou-
pling parameter λ (shown schematically in Fig. 1). To
allow for a largely analytical treatment, we consider the
large bias, sequential tunneling regime, where coherences
between different photon number states can be neglected.
In this regime the system is described by a rate equa-
tion, fully accounting for the joint statistical properties
of transported electrons and photons. By working in the
damping basis, the eigenbasis for spontaneous resonator
photon decay, we are able to derive analytical results for
the joint long-time (low-frequency) transport cumulants
as well as the short-time correlation, g(2)- functions, for
arbitrary λ. Moreover, in some limiting cases the full
joint probability distribution can be found analytically,
within a saddle point approximation.
Summarizing our key findings, based on the long time
statistics we identify parameter regimes for uncorre-
lated as well as cascaded emission of photons. Leav-
ing the emitted photons unobserved, the electron trans-
port statistics is the same as in the absence of the res-
onator. The electron and photon statistics are found
to be sub- and super-Poissonian, respectively, for all
system parameters. For the short time correlations we
find that all g(2)-functions are independent of λ. While
the electron-electron correlation function describes anti-
bunching, g(2) ≤ 1 the photon-photon function describes
bunching g(2) ≥ 1, i.e., classical light emission for all
system parameters. In the regime with photon cascades
the photonic correlation function can become very large,
g(2)  1. The electron-photon cross correlations depends
on the order of the measurement, i.e., whether electrons
or photons are measured first. While the resonator pho-
ton state typically is in non-equilibrium, we identify a
parameter regime for which this state is a thermal state,
with corresponding photon emission properties.
The remainder of the paper is organized as follows: In
the next section, II, we describe the dot-resonator sys-
tem, define system parameters and specify the working
regime. In section III we present the master equation ap-
proach to charge and photon transport statistics as well
as the dynamics, for arbitrarily large dot-resonator cou-
pling. We then discuss the results, first the long time
statistics in section IV and then the short time corre-
lation functions in section V. A comparison to existing
results for related systems is performed in section VI. We
end the paper with a conclusion and discussion, section
VII. Some calculations are detailed in the appendix.
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FIG. 1. Left panel: Schematic of the system. A quantum
dot, tunnel coupled to two electronic leads L and R, is embed-
ded in a coplanar transmission line resonator. A potential bias
V is applied symmetrically across the dot. Microwave pho-
tons leaking out of at one end of the resonator are collected at
a photodetector. Right panel: Electrons tunnel sequentially
in and out of the single level dot, with bare rates ΓL and ΓR
respectively. During both the in and the out tunneling the
electron can emit or absorb photons of energy ~ω from the
resonator, illustrated by introducing a set of effective energy
levels (thin dashed lines) equally spaced around the bare elec-
tronic level (thick, solid line). The electron-photon coupling
strength is characterized by the dimensionless parameter λ
and photons in the resonator leak out at a rate κ.
II. SYSTEM
The system under consideration, shown in Fig. 1, con-
sists of a quantum dot embedded in a coplanar microwave
transmission line resonator. The dot is connected to two
electronic leads, L and R, via barriers characterized by
tunnel rates ΓL,ΓR, respectively. A bias V is applied
across the dot. We consider a single active level in the
dot, with an energy in the middle of the bias window.
The charge on the dot is coupled capacitively to a single
resonator mode, with frequency ω. The electron-photon
coupling rate is λω, where λ is the dimensionless coupling
strength. Importantly, here we make no assumptions on
the magnitude of λ, arbitrarily large coupling strength is
allowed. Throughout the paper we work in the high bias
regime, eV  ~ω, as illustrated in Fig. 1. Electrons tun-
neling through the dot can thus emit or absorb zero, one
or multiple photons in both the in-, and the out-tunneling
processes, without energy constraints. However, the cor-
responding tunnel rates are renormalized by the coupling
strength λ, further discussed below.
The temperature T of the system, including the elec-
tronic leads, is taken to fulfill the condition ~ΓL, ~ΓR 
kBT  ~ω. Consequently, the electron tunneling is in the
sequential regime, i.e., cotunneling can be neglected. In
addition, we can ignore the coherent dynamics between
states with different numbers of resonator photons and
describe the transport properties within a rate equation
formalism. We account for leakage of photons out of the
3resonator at a rate κ. As a consequence of the condition
kBT  ~ω, no photons are injected back into the res-
onator. We moreover neglect internal resonator losses,
supposed to have rates much smaller that κ.
Photons emitted from the resonator are counted in an
ideal photocounter shown schematically in Fig. 1, the
effect of non-unity detector efficiency is discussed fur-
ther below. The time-averaged electron current and the
current fluctuations84 can be measured via the electrical
currents at the leads L and R. To experimentally access
the full statistics as well as the short-time correlators of
the electron current, real-time detection of the charge in
the quantum dot is required85 (charge detector not shown
in the figure).
III. THEORY AND METHOD
Under the conditions stated above, the joint electron-
photon dynamics can be described by a rate equation60,86
for the probabilities Pnp (ne, np, t), to have n = 0 or 1
electrons on the dot and p = 0, 1, 2, .... photons in the
resonator, conditioned on that ne electrons have been
transferred through the dot and np photons have been
emitted out of the resonator at time t. To account for the
statistics of ne and np, we consider the rate equation in
Fourier space87–89 with the variables, or counting fields,
ξe and ξp, conjugate to ne and np respectively. In a
compact form we can then write
dP (ξe, ξp)
dt
= M(ξe, ξp)P (ξe, ξp) (1)
Here P is a vector with transformed probabilities, as
P (ξe, ξp) =
(
P 0(ξe, ξp)
P 1(ξe, ξp)
)
, P n =

...
Pnp (ξe, ξp)
Pnp+1(ξe, ξp)
...
 ,
(2)
and the evolution matrix can be written
M(ξe, ξp) = Me(ξe) +Mp(ξp)−M0. (3)
The partial electron and photon evolution matrices Me
and Mp can be written as tensor products between ma-
trices in charge- and photon number spaces. For the dot
charge matrix we have
Me(ξe) = Je(ξe)⊗Mλ , (4)
with
Je(ξe) =
(
0 ΓRe
iξe
ΓL 0
)
(5)
and
Mλ = e
−λ2
 1 λ
2 . . .
λ2 (1− λ2)2 . . .
...
...
. . .
 .
The matrix Mλ contains the Franck-Condon factors, that
is, the element [Mλ]k+1,q+1 gives the probability that the
number of photons in the resonator changes from q to k
during an in- or out- electron tunneling process86,90. The
photon evolution matrix can be written
Mp(ξp) = Jp(ξp)⊗Mκ , (6)
with
Jp(ξp) = eiξp
(
1 0
0 1
)
, Mκ =

0 κ 0 0 . . .
0 0 2κ 0 . . .
0 0 0 3κ . . .
0 0 0 0 . . .
...
...
...
...
. . .
 .
For Mκ, the non-zero element [Mκ]q+1,q+2 = (q + 1)κ
gives the rate for the number of photons in the res-
onator to change from q + 1 to q, due to emission of
one photon out of the resonator. Lastly, M0 is a diag-
onal matrix guaranteeing probability conservation, such
that v0M(0, 0) = 0 for the row vector v0 = (1, 1, . . . ).
A. Low frequency statistics
In the limit of long measurement times t, the total
probability P (ne, np) =
∑
n,p P
n
p (ne, np, t) can be writ-
ten as
P (ne, np) =
1
(2pi)2
∫∫ pi
−pi
dξedξpe
−ineξe−inpξp+tF (ξe,ξp).
(7)
Here F (ξe, ξp) is the generating function for the electron
and photon low frequency cumulants, obtained from the
eigenvalue equation
M(ξe, ξp)P (ξe, ξp) = F (ξe, ξp)P (ξe, ξp) (8)
picking the eigenvalue going to zero as ξe, ξp → 0.
We note that only in limiting cases can the cumulant
generating function F (ξe, ξp) be obtained analytically.
However, all electron, photon and cross cumulants can
be obtained from F (ξe, ξp) by successive derivatives with
respect to ξe and ξp. Focusing on the experimentally
most accessible, lowest order cumulants, we have the av-
erage currents Ie and Ip, given by
Ia = −iσa ∂F (ξe, ξp)
∂ξa
∣∣∣∣
ξe=ξp=0
(9)
with a ∈ {e,p} and σe = e (e is electron charge), σp = 1,
and the correlations Se,e, Sp,p and Se,p, given by
Sa,b = −σa,b ∂
2F (ξe, ξp)
∂ξa∂ξb
∣∣∣∣
ξe=ξp=0
(10)
with a,b ∈ {e,p}, σe,e = e2, σe,p = σp,e = e and σp,p = 1.
By expanding Eq. (8) in ξe, ξp, following [91,92], we
4can express the cumulants in terms of the partial evo-
lution matrices and the steady state probability vector
P = P (0, 0), formally the right eigenvector to M(0, 0)
corresponding to the eigenvalue 0. This gives for the
current
Ia = σav0M
′
aP , M
′
a =
dMa
dξa
∣∣∣∣
ξa=0
. (11)
For the correlators we have
Sa,b = σa,bv0
[
M ′′a,bP + (M
′
a − Ia)P ′a + (M ′b − Ib)P ′b
]
,
P ′a = M
−1
g (Ia −M ′a)P + (1−M−1g M)w (12)
with M ′′a,b = ∂
2M/(∂ξa∂ξb)
∣∣
ξa=ξb=0
(note that M ′′e,p =
M ′′p,e = 0), M
−1
g the generalized, Moore-Penrose inverse
of the evolution matrix M(0, 0), and w any vector that
ascertains the relation v0P
′
a = 0.
In some cases it is illustrative to consider the probabil-
ity distribution function P (ne, np) directly. We evaluate
the distribution function in the saddlepoint approxima-
tion, to exponential accuracy. This gives the large devi-
ation function
ln[P (np, ne)] = tF (ξ
∗
e , ξ
∗
p)− ineξ∗e − inpξ∗p , (13)
where ξ∗a = ξ
∗
a(ne, np) are solutions of the coupled saddle
point equations
∂F (ξe, ξp)
∂ξa
∣∣∣∣
ξe=ξ∗e ,ξp=ξ∗p
=
ina
t
. (14)
In case the generating function F (ξe, ξp) is not analyti-
cally available, a systematic, numerically tractable way
to solve the saddle point equation is to extend the ap-
proach of [92] to the two dimensional (ξe, ξp) space.
B. Short time correlations
To investigate the short time statistics, we calculate
the two point (Glauber) correlation function93,94, defined
as
g
(2)
a,b(t) =
v0M
′
ae
−M(0,0)tM ′bP
IaIb
. (15)
The function g
(2)
a,b(t) gives us information about the prob-
ability of measuring a particle a at time t, given that one
has already measured a particle b at time t = 0. We stress
that, in our definition of g
(2)
a,b(t) , electrons are measured
when they enter the dot and photons are measured when
they leave the resonator. Note that, in general, the cross
correlation function g
(2)
a,b(t) 6= g(2)b,a(t), demonstrating that
the result depends on the order of measurements.
We note, for completeness, that the short time corre-
lation functions g
(2)
a,b(t) are related to the low frequency
correlations Sa,b by the following relation
Sa,b = σaIaδa,b + IaIb
∫ ∞
0
dt
[
g
(2)
a,b(t) + g
(2)
b,a(t)
2
− 1
]
(16)
where δa,b is the Kronecker-delta.
C. Rotating to the damping basis
As is clear from Eqs. (11), (12) and (15), the evaluation
of the low frequency cumulants and the short time cor-
relations require the knowledge of the steady state prob-
ability vector P , obeying the equation M(0, 0)P = 0. In
matrix block form, this equation can be written[(−ΓL1 ΓRMλ
ΓLMλ −ΓR1
)
+
(
κX 0
0 κX
)](
P 0
P 1
)
= 0 , (17)
where we introduced the two-band diagonal matrix X,
with elements Xkk = −(k − 1), Xk,k+1 = k, and zero
otherwise and P n = P n(0, 0) for n = 0, 1.
Despite the infinite dimensionality of this set of linear
equations, it is possible to find closed, analytical expres-
sions for the elements of P n for arbitrarily large λ. To
arrive at these expressions, it is convenient to transform
Eq. (17) to the damping basis95,96 in photon probabil-
ity space. This is the basis in which the matrix X de-
scribing the photon leakage out of the resonator is di-
agonal. The non-orthogonal damping basis transforma-
tion is described by the upper triangular matrix L, with
elements given in terms of the binomial coefficients as
[L]kq = (−1)k+q
(
q−1
k−1
)
for q > k. The relevant matrices
and vectors transform as
X = L−1D¯L, Mλ = L−1M¯λL, P n = LP¯ n , (18)
where the diagonal matrix D¯ has elements [D¯]kk = k−1,
and the lower triangular matrix [M¯λ]kq = λ
2(k−q)(k−1
q−1
)
for k > q. We can then write Eq. (17) as(−ΓL1 + κD¯ ΓRM¯λ
ΓLM¯λ −ΓR1 + κD¯
)(
P¯ 0
P¯ 1
)
= 0 . (19)
Noting that we can write M¯λ =
∑
k λ
2kM¯
(k)
λ , where M¯
(k)
λ
has non-zero elements only on the lower k-th off diagonal,
it follows that the transformed probability vector can be
written as
P¯ n =
∑
k
λ2kcnkek+1 , (20)
with ek the canonical basis vector with elements [ek]q =
δk,q, and the coefficients c
n
p are functions of ΓL,ΓR and κ
but independent of λ. Explicit expressions for the lowest
order coefficients are given in the Appendix.
We note that the expressions for the cumulants, Eqs.
(11) and (12), and short time correlators, Eq. (15) in the
5damping basis are found by transforming the matrices in
electron-photon space as Ma → M¯a = (1⊗ L−1)Ma(1⊗
L) etc. and the vector v0 → v¯0 = v0(1 ⊗ L) =
(1, 0, 0, 0....., 1, 0, 0, 0, ...).
D. Resonator state
To obtain a better understanding of the transport
properties of the system, it is helpful to first analyse
the photon state of the cavity, i.e the total probability
Pp = P
0
p +P
1
p to have p photons in the resonator. The av-
erage number of photons, 〈N〉 = ∑p pPp can be obtained
by comparing the rates for photon injection and emission.
In the high-bias limit considered, the average number of
photons added to the resonator at an electron tunneling
event is λ2, independent of the state of the resonator.
This formally follows from
∑
k k[Mλ]k+q,q = λ
2 for all q.
Moreover, the average rate of electrons tunneling through
the dot is (1/ΓL + 1/ΓR)
−1 = ΓLΓR/(ΓL + ΓR), indepen-
dent of the resonator state as further discussed below.
The photon injection rate is thus 2λ2ΓLΓR/(ΓL + ΓR),
with the factor of two accounting for the fact that the
electron adds photons both when tunneling in and out of
the dot. The emission rate, clear from Eq. (7), is given
by κ
∑
p pPp = κ〈N〉. In steady state the rates are the
same and we have
〈N〉 = 2λ
2ΓLΓR
κ(ΓL + ΓR)
(21)
valid for arbitrary λ, κ,ΓL,ΓR. We note that for small
resonator leakage κ, the average number of photons
〈N〉  1, requiring the applied bias to be very high in
order to have all photon absorption and emission events
during electron tunneling energetically allowed.
In most parameter regimes, the resonator photons are
in a non-equilibrium state. However, in the regime
κ ΓL,ΓR, the resonator state is in thermal equilibrium,
characterized by an effective temperature Teff. This can
be shown via P¯ 0p and P¯
1
p in the damping basis. From
the Appendix we have the coefficients in Eq. (20) as
c0p+1 = 〈N〉c0p and c1p+1 = 〈N〉c1p for p ≥ 0. Together
with c00 = ΓR/(ΓL + ΓR) and c
1
0 = ΓL/(ΓL + ΓR) we
get the total P¯p = P¯
0
p + P¯
1
p = 〈N〉p. Transforming
back, via Eq. (18), to the probability distribution we
get Pp = 〈N〉p/(1+ 〈N〉)p+1 and hence the effective tem-
perature
Teff = −~ω
kB
ln
[
2λ2ΓLΓR
κ(ΓL + ΓR) + 2λ2ΓLΓR
]
, (22)
valid for arbitrary λ. We point out that a tunneling in-
duced thermal resonator state was also discussed in Refs.
60, 61, and 86.
IV. LOW FREQUENCY STATISTICS
A. Currents and current correlations
With the theory and method in place we turn to the
analysis of the low frequency statistics. We first consider
the currents and current correlations.
1. Electronic cumulants
For completeness, we start by considering the purely
electronic cumulants Ie and Se,e. Due to the high bias
limit, the total probability for electron tunneling is the
same as for an isolated quantum dot, i.e. independent
of the resonator photon state. From Eqs. (11) and (12)
we find, in agreement with the well known87 results, the
current
Ie = e
ΓLΓR
ΓL + ΓR
(23)
and the noise
Se,e = e
2ΓLΓR
Γ2L + Γ
2
R
(ΓL + ΓR)3
≡ eIeFe, (24)
where
Fe =
Γ2L + Γ
2
R
(ΓL + ΓR)2
(25)
is the electronic Fano factor.
2. Photonic cumulants
For the purely photonic cumulants we get, from Eq.
(11), the average current
Ip =
2λ2
e
Ie. (26)
This simple relation between Ie and Ip follows directly
from the discussion of the average number of resonator
photons: the rate for photon injection, equal to the pho-
ton current, is 2λ2Ie/e. We stress that the relation be-
tween Ie and Ip in Eq. (26) is valid for arbitrarily large
λ and independent of the resonator decay rate κ. Hence,
Eq. (26) gives a direct and robust way to access the cou-
pling strength λ via average photon and electron current
measurements.
For the photon correlations, from Eq. (12) we get
Sp,p = IpFp (27)
with the photonic fano factor Fp given by
Fp = 1 +
γ2[κ¯(κ¯+ 1)− 1] + (κ¯+ 1)2
κ¯(1 + κ¯)
λ2. (28)
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FIG. 2. Left panel: Map of ln[(Fp − 1)/λ2], with Fp −
1 is the super-poissonian part of the photonic Fano factor
Fp, as a function of the dimensionless resonator decay rate
κ¯ = κ/(ΓL + ΓR) and the tunneling asymmetry parameter
γ = (ΓL − ΓR)/(ΓL + ΓR). Right panel: Plots of ln[(Fp −
1)/λ2] (same as left panel) as a function of κ¯ for a number of
representative γ.
Here we introduced for convenience the dimensionless
tunneling asymmetry parameter −1 ≤ γ ≤ 1 and the
renormalized photon decay rate κ¯, defined as
γ =
ΓL − ΓR
ΓL + ΓR
, κ¯ =
κ
ΓL + ΓR
. (29)
Several interesting properties of Fp can be noted from Eq.
(28) and seen in the plot in Fig. (2). First, for all values
of λ, κ,ΓL,ΓR we have Fp ≥ 1, i.e. the photon statistics
is always super poissonian. Second, Fp increases linearly
with increasing λ2 and is close to unity in the limit of
small coupling parameter, λ 1. Third, Fp is a function
of γ2 only, i.e. symmetric in γ, and increases [decreases]
linearly with γ2 for κ¯ > (
√
5 − 1)/2 [κ¯ < (√5 − 1)/2].
Forth, as a function of the decay rate the Fano factor
reaches Fp = 1 + λ
2(1 + γ2) for κ¯ → ∞. For κ¯ 
1, when the resonator photon state is thermal, we have
Fp = 1 + λ
2(1 − γ2)/κ¯ = 1 + 2〈N〉. For an interesting
comparison see the recent ref. 97.
3. Electron-Photonic cross correlations
Turning to the electron-photon cross correlations, the
general expression from (12), in terms of cpn, n, p = 0, 1,
is lengthy and we only give the resulting form, as
Se,p =2eΓLΓR
Γ2L + Γ
2
R
(ΓL + ΓR)3
λ2 =
2λ2
e
Se,e (30)
The similarity to Eq. (26) shows that the electron-photon
cross correlations are governed by the pure electron noise,
a consequence of that photons are added to the resonator,
independent of the resonator state, with probability λ2,
for every electron tunnel event. Hence, beyond an ad-
ditional way to determine λ by comparing Se,p to Se,e,
there is no additional information about the electron-
photon interaction in Se,p compared to Se,e.
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FIG. 3. The joint electron-photon large deviation function
ln[P (np, ne)]/
√〈np〉〈ne〉 as a function of ne/〈ne〉 and np/〈np〉
for different sets of γ, κ¯ and λ. In all rows the coupling param-
eter λ increases from left to right, with λ = 0.1 for a),d),g),j),
λ = 0.4 for b), e), h), k), and λ = 0.4 for c), f), i), l). The
assymmetry parameter is γ = 0 for upper six panels, a)-f),
and γ = 0.9 for lower six panels, g)-l). The decay rate κ¯ = 0.5
in the first and third row, a)-c) and g)-i), and κ¯ = 5 in the
second and fourth row, d)-f) and j)-l).
B. Full statistics
The full, joint electron-photon probability distribution
P (ne, np), plotted for a set of different parameters in
Fig. 3 and further discussed below, is typically difficult
to evaluate analytically. However, in certain limits we
can get an explicit expression for the corresponding CGF
F (ξe, ξp), which gives us additional insight into the parti-
cle transfer statistics. We discuss the different cases one
by one below.
71. Weak coupling limit, λ2  1
For λ2  1, we may expand F (ξe, ξp) in order of λ2,
as
F (ξe, ξp) = F0(ξe)+λ
2F1(ξe, ξp)+O(λ4), (31)
and solve the determinant equation det[M(ξe, ξp) −
F (ξe, ξp)] = 0 order by order. For the zeroth order,
λ = 0, we find
F0(ξe)
ΓL + ΓR
= −1
2
(
1−
√
1 + γ¯2 (eiξe − 1)
)
(32)
which is just the known CGF for electron transport
through a quantum dot87, not coupled to a resonator.
Here we for shortness introduced γ¯2 = 1 − γ2. To first
order in λ2 we get
F1(ξe, ξp)
ΓL + ΓR
=
1
2
γ¯2eiξe(eiξp − 1)√
1 + γ¯2(eiξe − 1) . (33)
This describes the transfer of a single photon, via eiξp ,
due to the tunneling of the electrons. We note that nei-
ther F0(ξe) nor F1(ξe, ξp) depend on the loss rate κ. This
κ-independence for λ2  1 is also seen in the plot of
P (ne, np) in Fig. 3. However, going to higher orders, the
terms proportional to λ4 or higher in general depend on
both ΓL,ΓR and κ. These terms are increasingly long
and difficult to interpret in a physically transparent way
and are hence not presented here.
2. Large loss rate limit
In the limit of large resonator leakage, κ¯ = κ/(ΓL +
ΓR)  1, the photons created at an electron tunneling
will leave the resonator well before the next electron tun-
nel event occurs. For the tunneling electrons, the res-
onator will then be effectively empty at all times, and
the steady state vector reduces to P = (P 00 , P
1
0 ), for an
empty (P 00 ) or filled dot (P
1
0 ) and an empty resonator.
Consequently, the only relevant Franck-Condon factors
are [Mλ]1q = e
−λ2/2λq−1/
√
(q − 1)! representing the
transition probabilities between zero and q − 1 photons.
Noting that the series
∑∞
q=1[Mλ]
2
1qe
i(q−1)ξp = eλ
2(eiξp−1),
the effective 2 × 2 evolution matrix for the system can
then be written
M(ξe, ξp) =
(
−ΓL ΓReλ2(eiξp−1)+iξe
ΓLe
λ2(eiξp−1) −ΓR
)
, (34)
giving the CGF as
F (ξe, ξp)
ΓL + ΓR
= −1
2
(
1−
√
1 + γ¯2
(
eiξe+2λ2(e
iξp−1) − 1)) .
(35)
Comparing this CGF to Eq. (32), the bare quantum
dot electron transport one, it is clear that every electron
tunneling through the dot gives rise to a cascade of pho-
tons, described by the multiplicative factor e2λ
2(eiξp−1).
This factor formally constitutes the moment generating
function of the number of photons emitted per cascade.
The probability to have k photons emitted in a cascade
is thus e−λ
2
λ2k/k!, i.e., a Poisson distribution with aver-
age number of emitted photons equal to λ2. In the limit
of large asymmetry, γ¯2  1, the joint electron-photon
cascades events occur in an uncorrelated fashion.
From the CGF in Eq. (35) and Eqs. (13) and (14)
we get the joint probability distribution, to exponential
accuracy, as
ln P (n˜e, n˜p)
t(ΓL + ΓR)/2
= −1− n˜e γ¯
2
2
ln[H(n˜e)] +
√
γ2 + γ¯2H[n˜e]
+ γ¯2
(
n˜p
[
1 + ln
(
n˜e
n˜p
)]
− n˜e
)
(36)
where n˜a = na/〈na〉, and the average number of elec-
trons and photons are 〈ne〉 = tIe/e = t(ΓL + ΓR)γ¯2/4
and 〈np〉 = tIp = t(ΓL + ΓR)γ¯2λ2/2 and we introduced
H(x) = x(xγ¯2/2 +
√
γ2 + (xγ¯2/2)2). We note that al-
ready for κ¯ = 5, as shown in Fig. 3, the full numerical
result and the limiting expression in Eq. (36) (not plotted
here) are very similar, showing that the large damping
limit is effectively reached already for moderately large
κ¯.
3. Marginal distributions
The marginal electron and photon probability dis-
tributions are defined as Pe(ne) =
∑
np
P (ne, np) and
Pp(np) =
∑
ne
P (ne, np), respectively. Their correspond-
ing CGFs are given from the full F (ξe, ξp) as Fe(ξe) =
F (ξe, 0) and Fp(ξp) = F (0, ξp). For the electron distri-
bution, one can sum over the photon degree of freedom
in Eq. (8). Noting that
∑
k[Mλ]kq = 1 and writing
P 0(ξe) =
∑
p P
0
p (ξe, 0) and P
1(ξe) =
∑
p P
1
p (ξe, 0), we
get(−ΓL ΓReiξe
ΓL −ΓR
)(
P 0(ξe)
P 1(ξe)
)
= Fe(ξe)
(
P 0(ξe)
P 1(ξe)
)
(37)
and hence the CGF
Fe(ξe) = F0(ξe) (38)
where F0(ξe) is given by Eq. (32), i.e., the result for
a quantum dot, not coupled to a resonator. This is in
line with the findings for the electron current and noise
above.
The photon distribution is plotted for a representative
set of parameters in Fig. 4. In the limit λ2  1 the
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FIG. 4. The marginal photon large deviation function
ln[Pp(np)]/〈np〉 as a function of np/〈np〉, for a set of cou-
plings λ and resonator decay rate κ¯ = 0.5 (solid lines) and
κ¯ = 5 (dashed lines). The dot asymmetry parameter is γ = 0
(left panel) and γ = 0.99 (right panel).
distribution becomes independent of κ¯, as noted above.
To first order in λ2 we have from Eqs. (32) and (32)
Fp(ξp)
ΓL + ΓR
=
λ2γ¯2
2
(
eiξp − 1) (39)
that is, a Poissonian distribution of photons, with emis-
sion rate λ2γ¯2/2, consistent with the results for the pho-
ton current Ip, Eq. (26), and noise Sp, Eq. (27). The
probability distribution P (np), is thus given by
lnPp(n˜p)
〈np〉 = −n˜p ln [n˜p] + (n˜p − 1) (40)
as seen in Fig. 4. We note that higher order terms ∝
λ2q, q ≥ 2 in the CGF are proportional to (eiξp − 1)q,
showing that multi-photon physics in the long-time limit
is relevant only away from the weak coupling limit.
4. Full results, numerical evaluation
Outside the limiting regimes described above the joint
electron-photon distribution function P (np, ne) is evalu-
ated numerically. The result is plotted in Fig. 3, for a
representative set of λ, κ¯, γ. We see that the probability
distribution interpolates smoothly between the limiting
cases discussed above, peaking aroung np ∼ 〈np〉, ne ∼
〈ne〉 with a width depending on the system parameters.
We point out that in experiments, microwave photon
detector efficiencies are typically non-unity, η < 1. To
account for this, in all expressions above one can replace
eiξp → 1− η + ηeiξp (41)
This describes a binomial statistics of successful detec-
tion events for the emitted photons, with probability η
to detect a photon and 1− η to miss it.
V. SHORT TIME CORRELATIONS
To evaluate the short time correlators we first write
Eq. (15) in the damping basis, giving
g
(2)
a,b(t) =
v¯0M¯
′
ae
−M¯tM¯ ′bP¯
IaIb
(42)
where we write M¯ = M¯(0, 0). The lower-triangular-per-
block structure of the matrices M¯ ′a, M¯ , in the damping
basis, and the specific structure of P¯ are described in
Eqs. (18) to (20). These properties allow us to both eval-
uate the g(2)-functions analytically, for arbitrary λ, and
to provide a physically transparent picture of the result.
Most importantly, the λ-dependence of the numerator of
the correlator is directly determined by the matrices M¯ ′a;
a matrix M¯ ′e , describing an electronic tunneling event,
contributes with a λ-indepent factor while the photonic
emission matrix M¯ ′h contributes with a factor ∝ λ2. As a
result the numerator in Eq. (43) is proportional to 1, λ2
and λ4 for {a,b} = {e, e}, {e/p,p/e} and {p,p} respec-
tively. However, the currents in the denominator, given
in Eqs. (23) and (26), are independent of λ (for Ie) and
proprtional to λ2 (for Ip). As a consequence, all g
(2)-
functions, electronic, photonic as well as the cross corre-
lations, are independent of λ. This is in stark contrast
to the long time correlators Sa,b discussed above, clearly
showing the difference in physical information contained
in the short and long time correlations. Below we dis-
cuss the different correlators separately, introducing for
convenience the dimensionless time t˜ = (ΓL + ΓR)t.
1. Electron-electron correlations
For completeness we give the electronic function, be-
coming
g(2)e,e (t) = 1− e−t˜ (43)
which is the result found94 for a quantum dot, not cou-
pled to a resonator. Similar to the findings above, in the
high bias limit considered, the resonator has no effect on
the bare electronic transport (leaving the photons unob-
served). We note that g
(2)
e,e (0) ≤ g(2)e,e (t) ≤ 1, describes the
anti-bunching of electrons tunneling through the dot, a
consequence of that an electron in the dot has to tunnel
out before another electron can enter.
2. Photon-photon correlations
For the photon correlation function we get that
g(2)p,p(t) = 1−
γ2κ¯2
(1− γ2)(1− κ¯2)e
−t˜
+
(1− γ2) + κ¯ [(1 + 2γ2)− κ¯− κ¯2]
(1− γ2)(1− κ¯2) e
−κ¯t˜ (44)
9This expression shows that the dynamics of the pho-
ton emission is governed by two rates, ΓL + ΓR and
κ. Interestingly, for a symmetric dot, γ = 0, we have
g
(2)
p,p(t) = 1 + (1 + κ¯)e−κ¯t˜, with the dynamics goverened
only by the resonator decay rate κ. By rewriting Eq.
(44) as [g
(2)
p,p(t) − 1]γ¯2(1 + κ¯) = γ2κ¯2(e−κ¯t˜ − e−t˜)/(1 −
κ¯) + [γ¯2 + κ¯(2 +γ2 + κ¯)]e−t˜, we note the following. First,
g
(2)
p,p(t)− 1 ≥ 0, i.e., g(2)p,p(t) ≥ 1. Second, g(2)p,p(t) is mono-
tonically decreasing with t, for any γ, κ¯. Third, as is not
directly apparent from Eq. (44), g
(2)
p,p(t) is well behaved
for κ¯ = 1.
Based on these observations we can conclude that the
emitted photons, in contrast to the emitted electrons,
are bunched, g
(2)
p,p(0) ≥ g(2)p,p(t) ≥ 1, and hence that the
emitted radiation is classical, for all system parameters
λ, γ, κ. Moreover, due to the monotonic-in-time behavior
it is mainly interesting to analyze the t = 0 correlator,
given by
g(2)p,p(0) = 2 +
2(1− γ¯2) + (1 + κ¯)
γ¯2(1 + κ¯)
κ¯ (45)
We see that for κ¯  γ¯2, the correlator becomes large,
g
(2)
p,p(0) ≈ κ¯/γ¯2  1. This limit can be reached for a
strongly asymmeric dot, γ¯2  1 and/or large effective
resonator decay κ¯ 1. The physical mechanism behind
the large correlator in this parameter limit is the un-
correlated cascades of photons emitted into a leaky res-
onator, which gives a large probability to observe more
than one photon emitted from the resonator at the same
time. We stress that Eq. (45) holds for any λ, hence, the
large g
(2)
p,p(0) is expected also in the weak coupling limit
λ2  1, where photon Fano factor, Eq. (2), approaches
unity.
From Eq. (45) it is clear that for a small resonator
decay rate, κ¯  1, when the resonator photon state is
thermal, we have g
(2)
p,p(0) = 2. In fact, the full time depen-
dence of the correlator in this limit is g
(2)
p,p(t) = 1 + e−κt,
which is the known65 result for emission out from a res-
onator in a thermal state. To illustrate the results in Eq.
(44) and (45), in Fig. 5 we plot both the time dependence
of the correlator as well as the t = 0 result, for different
representative parameters.
3. Cross correlations
Turning to the electron-photon cross correlations, we
recall that we consider the electronic measurement at the
left lead (L), i.e., when the electron enters the dot. If
we instead would measure electrons leaving the dot, all
results below would be modified by taking γ → −γ. We
find
g(2)e,p(t) = 1−
γκ¯
(1 + γ)(1 + κ¯)
e−t˜ (46)
g(2)p,e(t) = 1−
γκ¯
(1− γ)(1− κ¯)e
−t˜
+ 2κ¯
1 + γ2 + (γ − κ¯)κ¯
(1− γ2)(1− κ¯2) e
−κ¯t˜ (47)
We stress that the two correlators are not equal to each
other, g
(2)
e,p(t) 6= g(2)p,e(t). It hence makes a difference which
particle is detected first, the electron or the photon, and
we therefore discuss the two cases separately.
For g
(2)
e,p(t) one first measures a photon at t = 0, and
thereafter waits for an electron to enter the dot from the
left lead. The correlator is bounded from below, 1/2 ≤
g
(2)
e,p(t), and decays (increases) monotonically with time
for an asymmetry γ < 0 (γ > 0), with the rate ΓL + ΓR.
For t = 0 we have g
(2)
e,p(0) = 1− γκ¯/[(1 + γ)(1 + κ¯)]. The
shift from an anti-bunching-like behavior, for γ > 0, to a
bunching-like behavior, for γ < 0, reflects the underlying
correlations between electrons tunneling at contacts L
and R. In particular, for large asymmetry γ → −1, the
dot is empty most of the time and an in-tunneling event
(at contact L) is rapidly followed by an out-tunneling
event (at contact R), at which we measure. We then get
g
(2)
e,p(0) ∼ 1/(1 + γ) 1.
For g
(2)
p,e(t) one instead first measures an electron pass-
ing from the right lead into the dot and thereafter waits
for a photon to leave the resonator. The dynamics is
governed by the rates ΓL + ΓR and κ, with the corre-
lator dispalying a non-monotonic dependence on time.
However, by rewriting the correlator similarly to g
(2)
p,p(t)
above, one can show that g
(2)
p,e(t) ≥ 1 for all times, thus
showing a bunching-like behavior despite the fact that
g
(2)
p,e(t)  g(2)p,e(0) for some γ, κ¯. At time t = 0 we have
g
(2)
e,p(0) = (1−γ+ κ¯)(1+γ+2κ¯)/[(1−γ2)(1+ κ¯)]. Hence,
in contrast to g
(2)
e,p(0), the correlator becomes very large,
g
(2)
p,e(0) ∼ 1/(1 − γ2)  1, in both asymmetric limits
γ → ±1. Moreover, independent of asymmetry γ, in
the leaky resonator limit κ¯  1 the correlator also be-
comes large, g
(2)
p,e(0) ∼ κ. A detailed investigation in the
different mechanisms behind these large correlators goes
beyond the present work.
As a consistency check, we note that integrating the
g(2) functions and using equation (16) we indeed find
back the noise expressions as found in (24), (28)-(30).
VI. COMPARISON TO RELATED WORK
Comparing to results in similar systems, we can make
a number of observations. A thermal photon state in the
resonator was found for a metallic dot60 and for a tunnel
barrier61 coupled to a resonator. However, in refs. 60 and
61, the thermal state were obtained in the limit λ  1,
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FIG. 5. Left panels: Short time correlations functions g
(2)
p,p(t)
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e,p(t) (middle) and g
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as a function of κ¯ and γ.
our result in Eq. (22) holds for arbitrary λ. We also
note that tunneling induced thermal states have been
discussed for conductor-harmonic oscillator systems, see
e.g.86,98 for early works.
For the transport properties we note that the high-
bias limit makes the electron transport properties, not
detecting the emitted photons, insensitive to the pres-
ence of the resonator. As a consequence, the electron
transport properties are the same as the ones for a quan-
tum dot without the cavity, both the long87 and short94
time statistics. For the photon emission, not detect-
ing the tunneling electrons, we note that the photons
are bunched, with super-poissonian statistics, for all sys-
tem parameters. Similarly, bunching of emitted photons
was predicted for a tunnel junction coupled to a tun-
nel junction61, for arbitrary λ. However, photon anti-
bunching and sub-Poissonian statistics were predicted
over a broad range of parameters for a resonator driven
by a coherent double quantum dot77. A qualitative un-
derstanding of this difference is presently not clear.
VII. CONCLUSION AND OUTLOOK
We have investigated combined charge-photon statis-
tics in a quantum dot-resonator system in the high bias
and sequential tunneling limit. The focus has been on
systems with large, dimensionless coupling parameter
λ & 0.1, recently realized in various experiments. An-
alyzing both the long-time and short-time statistics, we
identify transport signatures of strong electron-photon
coupling. This includes electron tunneling indiced cas-
caded photon emission, manifested in both the long time
photon counting statistics as well as in short time g(2)-
functions. The coupling parameter λ can be directly
obtained from independent measurements of the aver-
age electrical and photon currents, while all electron and
photon g(2)-functions are found to be independent of λ.
We also find that for a small photon decay rate the res-
onator photon state becomes thermal, a property clearly
manifested in the photon emission properties.
We hope our work will stimulate further theoretical
investigations, in particularly focusing on the regime of
large conductor-resonator coupling. One open problem,
not clarified by our work, is to establish physically trans-
parent conditions for when emitted resonator photons
inherit the statistical properties of the tunneling elec-
trons, that is, show anti-bunching and sub-Poissonian
statistics. Moreover, the proposed system is one of
the most elementary conductor-resonator ones. The
calculated transport quantities are all experimentally
measurable with present day technics or within reach. In
addition, our results are mostly analytical and valid for
arbitrarily large coupling parameter λ. Taken together,
this makes our proposal highly relevant for experimental
transport investigations of strong electron-photon inter-
actions at the nanoscale.
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Appendix A: Damping basis coefficients
The values of the lowest order coefficients cnp in Eq.
(20), needed for explicit evaluations below, are given by
c00 =
ΓR
ΓL + ΓR
, c10 =
ΓL
ΓL + ΓR
(A1)
c01 = c
0
0
ΓL(2ΓR + κ)
κ(ΓL + ΓR + κ)
, c11 = c
1
0
ΓR(2ΓL + κ)
κ(ΓL + ΓR + κ)
c02 = c
0
1
κ(2Γ2R + 4ΓRκ+ κ
2) + ΓL(4Γ
2
R + 6ΓRκ+ κ
2)
κ(2ΓR + κ)(ΓL + ΓR + 2κ)
c12 = c
1
1
κ(2Γ2L + 4ΓLκ+ κ
2) + ΓR(4Γ
2
L + 6ΓLκ+ κ
2)
κ(2ΓL + κ)(ΓL + ΓR + 2κ)
11
Higher order coefficients can be found from lower ones by
means of a recursion relation, here not further discussed.
To illustrate how the transport properties are calcu-
lated, we present the expressions for the average currents
and current correlations, Eqs (11) and (12), in terms of
the coefficients cnp . For the average currents we find
Ie = eΓRc
1
0 = e
ΓLΓR
ΓL + ΓR
, (A2)
giving Eq. (23) in the main text, and
Ip = κλ
2(c01 + c
1
1) =
2λ2
e
Ie. (A3)
giving Eq. (26). For the current correlators we have
Se,e = e
2 ΓR
ΓL + ΓR
c10[ΓL + ΓR(c
0
0 − c10)] (A4)
= e2ΓLΓR
Γ2L + Γ
2
R
(ΓL + ΓR)3
, (A5)
giving Eq. (24) and
Sp,p =κλ
2
(
(c01 + c
1
1) + λ
2
[
4(c02 + c
1
2)− 2(c01 + c11)2
+
ΓL − ΓR
ΓL + ΓR
[
(c01 − c11)− (c01 + c11)(c00 − c10)
] ])
≡Ip
(
1 +
γ2[κ¯(κ¯+ 1)− 1] + (κ¯+ 1)2
κ¯(1 + κ¯)
λ2
)
(A6)
giving Eq. (27). The electron-photon cross correlations
can be expressed in a similar, but lengthy, way not pre-
sented here.
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